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1 Curves and Intersections

(i) Two curves ‘touching’ at a given point means that they have the same height (y position) and same first

derivative. Hence,

1
me=Inx; m=—
T

We solve the two equations simultaneously, substituting the second into the first, giving

1
—-x=Inzx
T
l=Inz
e=x
1
= m=-
e

Note that x cannot be zero, since Inz is undefined at this point. Hence dividing by z is allowed. For the
second part, ‘intersecting’ means simply that they have the same height (y position) at a given point. So
we have

ma =Ina; mb=1Inb

We are trying to show that a® = b, so we need to somehow remove the m variable from the equations. A
simple way to remove a variable from two equations is to make that variable the subject of both equations.

Ina Inb
m=—; m=—

a b

Now, we can set the equations equal to each other.

ha _lnb
a b
blna=alnb
al =b®
3.5 %
3,,
2.5 1
2,,
>
1.5 ¢
|
0.5 | |
0 11 — 1
0 2 4 6 8
T

The red line is the tangent that we calculated in the first part. The blue line intersects the curve at x = a
and z = b. We can see that if @ < b, we must have a shallower gradient than e~!. We can then see that
the intersection points must lie either side of e.

(ii) Similarly to part (i), we have
mp+c=Inp; mqg+c=Ingq

Hence,

[\



We can expand to get

Inp ¢ Ing ¢
p p q q
In c In c
np c_lg_ c
p q q p
But p < ¢ hence zlv > é. So
In In
np _ Ing
p q
qglnp > plng
p?>q°

(iii) We can just use part (ii) of the question. Both points are on the curve y = Inz.

3.5 %

In order to touch both points which are to the right of e, the y-intercept must be positive. Now, let p =€
and ¢ = 7, since e < m. Then the y-intercept is positive, and part (ii) of the question applies. We can
deduce that e™ > 7°.

(iv) You should recognise the % term as the gradient of the line joining two points.

Ing—1 A
y—Ing —s BeZIp_ Ay
q—7p Ax

So the gradient of the line joining (p,Inp) and (g,lngq) is given by this fraction %7 which we have been
told is e~ . Recall that in part (i) of this question, we proved that the line tangent to In x passing through
the origin had gradient e~!. Hence, in order for a line of that gradient to intersect two points, it must

have been moved down.



2.5 1

1.5 1

0.5+

Therefore, the equation of this blue line is e “'x + ¢ where c is negative. We can use the same logic as in
part (ii), but this time solving for negative c.

Inp ¢ Inq ¢
p p q q
In c In c
np ¢ _Ing c
p q q p
We know that p > ¢ hence % < %. So
In In
Inp _Ing
p q
glnp < plng
P! <q’

as required.

2 Integration

(i) We can compare the two integrals to notice a few important similarities:

e they both range over the same limits;
e the powers on each term are the same, but swapped;

e 1 —z and x both range over the interval [0, 1] in opposite directions.

From this, we might guess that in the first integral we need to substitute x for 1 — u, which would mean
1 — x is replaced with u. Using this substitution, dz = — du, and we can find

1 0
/ "1 —x)"dr = —/ (1 —u)" tu™ du
0 1
1
:/ (1—w)" 'u"du
0

- /01(1 — )" g da (+)

Remember that the variable that we’re integrating over doesn’t appear in the final answer. So we are free
to rename that variable to whatever we like. For the next part, since we'’re trying to work with twice the
left hand side of (), it seems like a logical step to instead add the left hand side of (x) to the right hand



side of (x). This allows us to use what we’ve already deduced in the first part. This is a hallmark of STEP
questions: whenever you get the opportunity to use something you’ve already worked out, take it!

1 1 1
2/ "Nl —2)"dr = / "1 —2)"dx —|—/ (1—2)" 2" de
0 0 0

Since the limits of integration are the same, we can combine the two integrals and factorise out the common
terms.

1 1
/ (@11 = 2)" + (1 — 2)"a") dz = / 2" 1= 2)" (1 - ) + @) da
0 0
:/ (1 —2)" 1 (1) da
0

= In-1

Comparing our target to the equation at the top for I,,, we can see that one of the powers has increased
and the other has decreased. This reminds us of the technique of integration by parts, where one term is
differentiated and the other is integrated. Trying this technique, we get

1
I, :/ 2"(1 —z)"dx
0

:[ - "(1—x)"+1}

T
n+1

1

1
-1
—/ na" ! (1—2)" de
0 0 n+ 1

1
1
n—1 n+1
=04+ . 1-— d

1
S /x"‘l(l—x)”+1dx
0

n+1

Now, to establish the final result, we notice that our result for ,,_; contains an integral over 2"~ 1(1—2)",
and our result for I,, contains an integral over 2"~ !(1 — x)"*!. In order to combine these, we need to
therefore take away that extra factor from the I,, integral somehow. We can expand out this bracket to
create a sum of two integrals.

1
In:n—?—l/o "1 — )" de
1
= 11/ (1—z)z" (1 —z)"dx
n 0
n 1 1
= /xn_l(l—x)”dx— /x"(l—x)"dm
n+1 0 n+1 0
_n 1 n
Tnt1 2% 41 7
n n
T T ) !
2n+1 n
I, = n—1
n+1 2(n+1)
n(n+1)
I, = I, -
"o+ 1)2n+1) "
n
Iy,=———I,_
22n+1) """

(ii) We have now established a relationship that allows us to compute I,, given I,,_;. We are also told that n
is only a positive integer. These two ideas remind us of proof by induction. For proof by induction, we
must always consider a base case. Here, a simple base case could be n = 1. We can compute the integral



in this case directly from the definition:

—

L= / (1 —2)tde
0
1
:/ (z — 2?)dx
0
1 141"
fote
2 31,
11
2 3
1
6
(112
C(2-141)!
as required. Now, we can make an inductive step. Given that I,, = (2(:72;!, we want to show that

Iy = (2(((%% We will use the result we proved in part (i) to help us move from the n case to the

n + 1 case.
n+1
I = 22 +1)+1) "
B n+1 (n!)?
C2(2(n+1)+1) 2n+1)!
(1))’
2(2n +3) - (2n + 1)
B (n+ 1) n!
- 2(2n+3)!1/(2n —2)
(n+1)!-nl

(2n+3)!l/(n—1)
(n+1)!-nl-(n4+1)
(2n + 3)!

(n+ 1) (n+1)!
(2n + 3)!

as required. Remember that we can extend or reduce factorials by a term, by multiplying or dividing by
that term, for instance n! = (n —1)!-n = (n+ 1)!/n.

(iii) For this last part, we need to evaluate I% directly. We can’t use part (ii) because % isn’t a positive integer.

= [ Ve

With the substitution z = sin® 6, we have dz = 2sinfcosfdf. The end points of the integral become
¢ = 0 and 6 = 5. Substituting into the integral, applying the double-angle formula for sine, we have

I :/2 \/sin? B(1 — sin? ) - 2sin @ cos H d
0
:/2 V'sin? 6 cos? 6 - sin 26 d6
0

= /2 sin @ cos 0 - sin 260 d6
0

™

:1/251n29-sin29d9
2 0

- 1/2 sin? 20 0
2 Jo



3
(i)

We can now apply the double-angle formula for cosine, to get

7 _1/72r l—cos40

Nl

2

1 [21—cosd
:7/ COS99
2 Jo
1 12
:f/ (1 —cos40)do
4 Jo
1 z
—[ﬂ—sméw}
4 0
_1
402
T
8

We can now use the result in part (i), since none of this reasoning required n to be an integer.

7 3/2 v
3 = — . —
2 2(2(3/2)+1) 8
__ 3 T
43 +1) 8
_3.7
16 8
_sr
- 128
Cubic Equation
The y-intercept is positive, and the cubic is positive.
4 .
2 4
> 0
_2 i
—4
—4 -2 0 2 4
x

The red curve illustrates the three-root case. By moving the curve upwards, we get a one-root case,
depicted in blue. The white curve shows the case where the graph has no turning points, which always
gives a single root.

Since the cubic is positive, as ¢ — —o0, f(z) — —oo. Since all three roots lie to the right hand side of
the origin, we must have ¢ < 0 as the graph has not yet crossed the z-axis. Now, as we have seen in the
sketch, the graph must have two turning points in order to have three distinct roots. The turning points
can be found where the derivative of the function is zero.

322 +6ax +3b=0 = 2?+2ax+b=0 (1)



We need (f) to have two solutions, so that the cubic has two turning points. A quadratic has two solutions
if and only if its discriminant is greater than zero. Hence,

(20)2 —4-1-b>0 = a*>b

Both turning points must be at 2 > 0. So the solutions to (f) must be at z > 0. If b < 0, then one solution
would be negative and one would be positive, so b must be greater than zero. If a > 0, then 22 + 2ax + b
is always positive if = is positive, but since both our roots are for positive x, we must have a < 0.

(iii) This is a positive cubic. Since ¢ > 0, the y-intercept is positive. Since ab < 0, we know that either a is
positive and b is negative, or a is negative and b is positive. Once again, let us consider the turning points
of this cubic. Once again, the turning points occur as solutions to (f), but this time the signs of a, b, ¢
may be different.

If b < 0, then (}) has both a positive and a negative solution for x (this can be seen by simply graphing
the function, since it is a positive quadratic). If a < 0 (and therefore b > 0), the solutions to (1), if any,
must be positive (again this can be seen by drawing a graph, or differentiating (f) and showing that the
turning point on this graph is positive). So in either case, the cubic has at least one turning point for
some positive . So the graph looks something like this:

4,,

Two roots are positive, and one root is negative.

(iv) For this last part, note that the conditions (x) are independent of the value of ¢. Since ¢ represents the
vertical translation of the graph, we can simply pick a graph that satisfies (), then translate it very high
so that the turning points are well above the x-axis. This would give a graph with only one root that
satisfies (). A simple equation that satisfies (x) is

The turning points of this function have a y position somewhere between —100 and 100 (not a very good
bound, but a bound nonetheless), so the graph

2% — 622 + 3z — 101

certainly has only one real root, and satisfies all conditions in (k).

4 Locus
The circle with unit radius has equation

2242 =1
and the relevant line has equation

y=>blx —a)



We can substitute the second equation into the first, giving
22+ 03z —a)? =1

This is a quadratic for x, where the two solutions give the z-coordinates of P and ). Note, however, that the x
coordinate of the turning point of any quadratic is the mean of the two solutions. So we don’t actually need to
solve the quadratic, we only need its midpoint. So we can take the derivative of this quadratic, and solve that
instead.

ab?
1402

204203 (z —a) =0 = (1+V’)z=ab® = 2=

M is on the line, hence the y coordinate is given by

ab? ab® — a — ab? —ab
y = b —_— —Q = b =
1+ b2 1+02 1+02
(i) We want to eliminate the independent variable a from the equation, so that we can get an expression that
is true regardless of the value of a. So let a be the subject of our equations for z and .

_x(1+0%) —y(1+0%)

. b

Combining the equations, we get

r(1+06%) —y(1+b?)

b2 b
r_Y
2 b
r=—by

This is an equation for a line that passes through the origin. Now, we need to work out the length of the
line. We can do this using Pythagoras’ Theorem. The height of the triangle is the difference in y from the
start point to the end point, and the width of the triangle is the difference in z. Since a ranges from —1
to 1, we have
202 2b
= — A = —

T e YT

Hence, the length of the line / is given by

0 = Aa® + Ay?

o2 2\
- (W) " (w)
L
TR
4D (1+0?)
NS
4b?
1+ 02
2b

V14 b2
Notice that ¢ < 2 for b > 0, since the denominator is always larger than b. Therefore, the line M sits

inside the circle (of diameter 2) and does not intersect it. The locus of M is shown in red in the following
diagram.

:}E:



Alternatively, we could use the substitution b = tant for some —4 <t < Z. This is motivated by the fact
that 1+ tan?t = sec?t, and since sec? will be on the denominator, we end up with a simple cos? factor on
the numerator. We then have

2tan? ¢

Az = —— = 2tan®tcos?t = 2sin?¢
sec” t
2tant

Ay=—5—-= 2tantcos®t = 2sint cost
sec*t

Therefore,
2 = Az? + Ay?
=4sin*t 4+ 4sin®tcos® ¢
=4sin’t (sin2 t + cos? t)
= 4sin’t

c.0=2sint

Since —5 <t < §, —2 < 2sint < 2 so it sits inside the circle of diameter 2.
(ii) We need to solve these parts individually.

(a) Since b is the independent variable, let us make b the subject. In fact, it appears easiest to make b?
the subject in the equation for x.

X

z+ b2z =ab? = (afx)bzzzc — b=
a—1

We can substitute into the expression for y, noting that we need to consider both positive and negative
square roots of b2, to give

+a,/ 5
T E
a,/=*(a—x)
==+
a—x+x
a,/ = (a—x)
==+
a
T
_:t —
afx(a x)



It is easiest to identify this equation by squaring both sides.

y* = z(a — )

> —ax+y*=0

1 2+ , a?
r—=-a =—
2 Yy =7

This forms a circle, centred at (%, O) with radius 5. The following diagram shows the case a = 0.8.

2
1 A4
= 0
—1
-2 I
-2 -1 0 1 2
T

(b) We can substitute ab = 1 into our equations for = and y to give

_ b . — 71
TTI e YT g

Then b is the independent parameter, which varies with 0 < b < 1. We can solve this like before,

by making b the subject. Here, it appears that manipulating the equation for y will be easier since b
appears only once.

—1—y
4

y+by=—-1 = b’ =

We can substitute this intok the equation for x to give

=
_ vV Yy
 WVy(=1-y)
oy—1l-y
=—v-y(1+y)

Squaring both sides and completing the square we can see

a? = —y(1+y)
?+y +y=0

TN RN
YTo) T

This is the circle centred at (0, —%) with radius % Note, however, that b is restricted to the range

0 < b < 1, so perhaps not the entire circle is covered by this locus. We can compute that the end
points have coordinates

b=0 = (z,y)=(0,-1); b=1 = (x,y) = (;,21)

11



We can see that the locus actually traces out the bottom-right quarter-circle. We know that it traces
out this quarter circle (and not the other three quarters) because x is always positive for 0 < b < 1,
which does not hold for the left half of the circle.

2 .
14
= 0
—1 +
—2
—2 —1 0 1 2
X

5 Functions and Derivatives

(i) Since the equation f(z) = f(1 — z) is true for all =, we can differentiate both sides.

flz)=f(1—=z)
flla)=fQ1-=z) -1
fll@)+ f(1-2)=0

We can substitute z = % to get

r)r (-0 ()

Notice that the number % was special here because 5 = 1 — % We can guess that the next part of the

question also relies on differentiating the identity, since the results have f’ in them.

ra+ 2 f (3) =0

Substituting x = —1, we have

P+ f (5) =0 = FED+ /=0 = £ =0

Note that —1 specifically worked here because —1 = —;. 2 isn’t a special number here, but we know how

to relate it to a previous result: we know already that f’ (%) = 0. So we can use the relationship we
deduced for reciprocals, and substitute in 2 (or ).

1 1 1 1
"+ =flz])=0= fF2)=—f(=)=0
e+ s (3) re=-1(3)
(ii) We can show both of these things directly, by substituting in % and 1 — z into f.
f l 7 (I72 _ Ifl + 1)3
v) " (@ 2—a1)?

12




We would like to remove all of the negative powers, so we multiply the top and bottom of the function
by the biggest negative power (after expanding), which is 5. We don’t need to worry about dividing by

zero, since f is defined only for = # 0.
; 1\ _ (1-z+a?)>
r)  (z—ax2)2

(22 —z+1)3
T (@)
(22 —2z+1)3
(@ —a)
= f(x)
Notice that squaring a negative removes the negative sign, which is why we could rearrange the denomin-
ator. For 1 — z, we have

(1-2)??—(1—-2)+1)3
(1—2)? = (1-=))?
(22 -2z +1—-1+2+1)3
22 —2x+1-1+x)2

F(1 - )=

_ (22 —x+1)3
@
= f(z)

Make sure you don’t forget (or add in) negative signs in lengthy algebraic manipulation. Now, we have
proved that f satisfies both conditions we met in part (i), so in particular it has turning points at z =
-1, %, 2. We are told that these are the only turning points, so all that we really need in order to sketch
the function is to see how it behaves as x tends towards critical points of the function and infinity.

Note that the function’s denominator vanishes to 0 from the positive direction as x — 0 and x — 1. In
both of these cases, we can see that the numerator is positive either side of the critical points. Therefore,
we are dividing a positive value by a very small positive value, giving a very large positive value as a result.
So near x = 0 and x = 1, the function tends to +oc.

As x tends to either positive or negative infinity, the 2% term on the numerator (when expanded) will
dominate the expression, showing that f(z) will tend to positive infinity in both cases.

We can evaluate the nature of each turning point heuristically. For example, the turning point at x = —1
must be a minimum point, since to the left (x — —o0) the function tends to +o00, and to the right (x — 0)
the function also tends to +00. So the function is increasing on both sides of the point, so it is a minimum.
It turns out that the same holds for each point, and hence they are all minimum points.

Now, we can evaluate the function at each turning point. Each turning point has f(x) = 277 (the calcu-
lations are omitted here, since they are not complicated). Now, with this knowledge, we can sketch the
graph. The dashed lines are the asymptotes, and the red line is the line y = 24—7, which will be useful for
the next part of the question.

10 ¥
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(iii) By considering the graph we have just drawn, it is clear that the only solutions to f(z) = % are the

turning points: z = —1, 2,2 We can also see then that the ranges of « for which f(z) > % are exactly
the domain of f(z), minus the turning points. In other words,

{x<—1}U{—1<x<0}U{0<x<;}U{;<x<1}u{1<x<2}u{2<x}

1
xER\{l,O,2,1,2}

This backward slash is read ‘(set) minus’ or ‘(set) difference’; X \ Y means the set X but with the elements
in Y removed.

Or more concisely,

Now, to find the roots of f(z) = 21 it is probably not a good idea to just start plugging in numbers;

36
we have a graph so we might as well use it. First, note that 343 . One way to see this by matching

the denominators of the fractions; by multiplying the numerator and denomlnator of 27 by 9, we get 23463,
which is clearly less than %‘g’ So, we can picture f(z) = % as a line higher the red line above. It is
drawn on here in blue:
el
91 | |
> 8 E
|
6 : : ; ; : :
-2 -1 0 1

We can see from the graph that this equation must have six solutions. Now, note that the number 3?—63

has been chosen specifically for this problem, so it probably has some significance. Indeed, the numerator
is a cube number (343 = 73) and the denominator is a square (36 = 62). The function f(z) is also of
this form, with a cube on the numerator and a square on the denominator. So we don’t need to plug in
random numbers in the hope of getting this obscure fraction, we can instead work out how to produce the
correct value on the numerator and the denominator.

o (-2 +1)3 T=2—24+1
s ————

62 (z2 — )2 6=a’—x
There is no guarantee that all of the solutions will neatly produce exactly 343 on the numerator and 36
on the denominator (most likely, there will be a lot of extra terms and cancellations), but this is a good
place to start to get a solution. If we can find a value of x that satisfies both equations, it is a solution to
f(z) = 323 We can see that both equations are solved by z = —2,3. So f(—2) = f(3) = 2.

This is a good start, but we still need to find another four roots. We can use the properties that we proved
in part (ii). If f(z) = 32, then f(1—=2) = f () = 32. Sox = _21,:% are also solutions. Note that
—2=1-3and 3 =1-(—2), so we can’t get any extra roots by using that property here. But we can
try using the (1 — ) property on the two new roots we found, giving = = 2, g as extra solutions. We
have now found all six solutions. Because we know there are only six solutions, if we apply any of the
known transformations (1 — z or ;) to any of the six known roots, we will get back another root that

we’ve already found. In summary,
-1

1
:—2 _ =
€ ASRES '3

)

[SCRN V)
N W

14



6

And hence the ranges of values of x where f(z) > % are just the ranges where the graph is above the

blue line, which are
—1 1 2 3
{r < -2}U 7<:c<0 u 0<x<g u g<x<1 u 1<9c<5 U{3<a}

Convergence of Sequences

If you're interested, the theorem at the start of the question is called the ‘least upper bound’ axiom of the real
numbers, or sometimes the ‘fundamental’ axiom of the real numbers. This axiom is what gives the real numbers
their unique character compared to the rationals. It is taught in one of the first courses in Part TA, Numbers
and Sets.

(i)

(iii)

It might help to quickly calculate the first few terms of the sequence so we can use them later, and to
provide a bit of intuition in solving the problem:

1 1 3 2 5 3 8 5 13
up =1, w=14+4-=2; uz=1+-==; w=14+-==; us=14+-==; u=1+-=—
e T R L R A T U
You may recognise the numerators and denominators as increasing terms of the Fibonacci sequence,
although that isn’t required here in order to solve the problem. To show the result in part (i), we need to

start by getting an expression for u, 2. We can do this by plugging () into itself.

1 Up  2up+1

=14 —— =1 —
Unt2 =14 AT v

()

Un

We also need some kind of expression relating u,_o. Since n can be any number, we can substitute n — 2
into (1) to get a similar relationship for n and n — 2.

2un_2 +1
Up = ——
" Up—2 + 1

1)

Now, you should start to see similarities between the above two equations and the target we are trying to
prove. We can see that the left hand side of (1) minus the left hand side of (f) gives the left hand side of
our target. You might also spot the denominators of the right hand sides, which could combine to give the
(1 4+ un)(1 4 up—2) on the denominator of the right hand side of the target equation. So let us compute
(t) — () and see what the right hand side becomes.

2, +1  2up_o+1
Uy + 1 B Up—o + 1
(2un + 1) (up—2 +1) (2up—2 +1)(un, +1)
(U + D(up—2 +1) - (Un—2 +1)(un +1)
(up, + D)(tup—2+1) — 2up—o + 1)(u, + 1)
(1 +un)(1 4+ up—2)
2UpUp—2 + Up—2 + 2Up + 1 — 2UpUp_2 — Uy — 2Up_o — 1

(1 + up) (1 + up—2)

Up—2 — Up =

Up — Un—2

(T un) (1 + up_2)

as required.

Typically when STEP says ‘or otherwise’, it’s a bad idea to do it any other way. So let’s form a base
case, and then make an inductive step. We will start with n = 1 for simplicity, since u; = 1 so clearly
the statement holds in this case. Inductively, we want to assume that 1 < u,, < 2 and then to prove that
1 < upyr < 2. We know that w41 =1+ i Since u,, is at most 2, then 1 + ﬁ is at least 1 + % = %
Also, since u,, is at least 1, then 1+ u% is at most 1 + % =2. So % < x < 2, which is a stronger condition
than required. So by induction, 1 < u,, < 2 for all n.

In order to apply the ‘least upper bound’ axiom, we must first show that the sequence wuy,us,us,... is
increasing and bounded above. Clearly, the sequence is bounded above; we showed in part (ii) that every
term in the sequence is bounded above by 2. To show that this sequence is increasing, we want to show
that w,42 > u, for all n. (In this case, n is odd, but the same logic works if n is even.) The sequence

15



is characterised by the relationship we found in part (i), since we are only interested in every other term.
We can see now that the left hand side of the equation, u, 12 — u,, must always be greater than or equal
to zero in order for the sequence to be increasing.

We can prove that u,12 —u, > 0, and hence that the sequence is increasing, by induction. As a base
case, we can take n = 1, which gives ug — u; = % — 1 > 0 as required. Now, we can make an inductive
step. Given that u, —u,_2 > 0, we can deduce that

Up — Up—2

14 up)(1+up—2)

Un+2 — Un = (

The numerator of the right hand side is positive (by the inductive hypothesis) and the denominator is also
positive because u,, and u,_o are at least 1, by part (ii). Hence u, 12 — u, > 0, and by induction this is
true for all odd n.

We have now shown that the sequence ui,us,us,... is increasing and bounded above. Therefore, by
the theorem above, this sequence converges to a limit. We can apply the same logic to the sequence
Usg, Uyg, Ug, - - - . We haven’t yet seen if it is increasing, however. We will start by considering n = 2, and we
get ug —ug = g — 2 < 0. In fact, this sequence is decreasing; we can guess this by calculating ug — w4 and
other similar expressions. We can prove this by induction, with the base case n = 2 as we have already
shown. Then, as before,
Up — Up—2
1+ up) (1 + tp—2)

The denominator is positive, as we have seen already, but this time the numerator is negative. Therefore
Upt2 — U, < 0, and by induction the entire sequence is decreasing.

Un42 — Up = (

So, we have a decreasing sequence, but how can we show it tends to a limit? Note that the theorem at the
top of the question only talks about increasing sequences bounded above, but it follows that decreasing
sequences bounded below also tend to a limit. Indeed, if aq,as,... is a decreasing sequence bounded
below, then —aj, —as,... is an increasing sequence bounded above. Since us, U4, ug, . . . is bounded below
by 1, using part (ii), it also converges to a limit.

Now, we can compute what these limits are. In the limit, in both the odd and even case, upt2 — Uy.
Therefore, in the limit, we can let u,, = u,t2 = u and substitute into (%) to get

14+
14+u
l+u+u

14+u
1+ 2u

14+u
Sou(l4u)=142u
utu=1+2u

u—u—1=0

1£V5
2

range, so the only solution is u = % So the sequence uq,us, us,... and the sequence uso, U4, Ug, - - -

The values of v which solve this equation are u = . However, only one of these is in the required

both tend to 1+T\/g’ which for convenience we will abbreviate to .

Since both the odd terms and the even terms of the main sequence uj,us,us,... tend to ¢, the whole
sequence must also tend to .

Now, for the last part, if u; = 3 then

1 4

All successive terms will now lie between 1 and 2, as we have shown in part (ii), and so all of the above
arguments will hold. Even if u; = 3, the sequence will still tend to ¢.
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7
(i)

(i)

(iii)

Integer Equations

Recall that ‘non-negative’ means ‘zero or greater’. Zero is the easiest number to work with; we can see
that x = 1, y = 0 solves this equation. Now, let us substitute x = 3p + 4q and y = 2p + 3q into this
equation:

(3p +4¢)? — 2(2p + 3q)? = 9 + 24pq + 16¢* — 8p? — 24pq — 184>
— p2 _ 2q2

But we are told that x = p and y = ¢ solves (x), so p? — 2¢®> = 1. Hence (3p+4q)? —2(2p +3¢)? = 1, and
s0 x = 3p+4q and y = 2p+ 3¢ solve (x). We can now use this new relationship to generate more solutions
for (x). Let p =1 and ¢ = 0, then = 3 and y = 2 solves the equation. We can generate another solution;
let p =3 and ¢ = 2, we find that x = 17 and y = 12 also works.

If z is odd, then & = 2m + 1 for some integer m. Likewise, y = 2n for some integer n. Then

(2m+1)? —2(2n)* =1
dm* +4m+1-8n? =1
2n? =m?+m
1
n? = §m(m+ 1)

as required.

Note that the right hand side can be written as a difference of two squares:
At —a®=(c*—a)(c? +a)
Since b is prime, either

1.2—a=0b,c2+a=1
2.2 —a=b,+a=0
3. 2—a=0b,c?+a="0>
4

.t—a=1,c4a=0

Note that case 1 is impossible; since ¢ > 1 and a > 1, ¢® + a > 2. Similarly, case 2 is impossible since we
can make ¢? the subject for both equations, giving b2 + a = b — a. Since b?> > b, we have a < —a which is
a contradiction. So the two valid cases are 3 and 4. In each case, we can solve simultaneously. In case 3,
we have

A—a=b

= a=c—-b
St (2 —b) =0
22 =02+ b
b>+b
2 __
C T
a_b2+b
2
PP +b—2b
N 2
b
2

-b

17



In case 4, we have

A—a=1

= a=c*—-1
.'.02+(C271):b3
202 =03 +1
2+l
2
b +1
a= —
2
P12
n 2
b —1
2

1

Notice that in case 3, we have ¢ = 2b(b + 1). This reminds us of part (i), where n = ¢ and m = b. This
tells us that = 2m + 1 =2b+ 1 and y = 2n = 2¢ is a solution to ().

(20 +1)% —2(2¢)? =1

We can combine all of the parts to the question together, to see that solutions to (*) can be converted into
solutions to a? + b = ¢*. We can try our solutions for (x) until we find one that works. () is solved for
b =1 and ¢ = 1, but this doesn’t give a positive integer a such that a? 4+ 13 = 1*. We can try the other
solution b = 8 and ¢ = 6, giving a? + 8% = 6*. To solve for a, we can rearrange to get

a2:64_83

We can find that 8 = 512 and 6* = 1296. Then

a’® = 1296 — 512
a® =784
a =28

SO (CL, b7 C) - (28, 6, 8) SOIVGS a2 —+ bS = 04‘

Inequalities with Integration

The area of any rectangle is the width multiplied by the height. We can see what the width and height of
the rectangle is by sketching it along with any relevant lines defined by the question:

5

18



(iii)

The width of the blue rectangle is ¢, and hence its height is f(t). If the rectangle has width z, then the
height of the rectangle is the height of the curve at this point, f(x), minus the height of the curve at ¢,
f(t). So we can make an expression for A as a function of  and ¢:

Az, t) = o(f(z) = f(1))

Now, we want the largest value of A, as x varies. To find the maximum point of a function as we change
a variable, we must differentiate it with respect to this variable, and set the derivative to zero to find the
turning point. So we need to find the derivative of A with respect to x (we keep t fixed), and set that to
Z€ro.

O~ (@) + (@) 1)

The value of z that maximises A will be called xzg. So we have

0 = 20(f'(0)) + f(z0) — f(t)
So x( satisfies
zo(f'(%0)) + f(zo) = f(t)
The value of A at xg, i.e. the maximum A for any given ¢, will be called Ay(¢). Note that this is not a

function of z, since Aq finds the value of x that yields the largest area, so we are not free to choose the
value of x ourselves.

Ag(t) = A(zxo, t) = xo(f(xo) — f(t))

We can calculate this first part directly. Recall that the fundamental theorem of calculus states that

d t
G [ f@ds =

Note that the lower limit of the integral doesn’t matter, and that the variable x used inside the integral
is not the same as the variable ¢ used as the limit and outside the integral. We can use the product rule

to find that
/0 =310 -5 [ 1@

tg'(t —f/f
tg'(t) = f(t) — g(

For the next part of this question, we should consider the geometrical interpretation of the integral, since
we are asked to relate it to a sketch. The integral of f(z) — f(t) is the area between the lines y = f(x)
and y = f(¢). So on the sketch above, the area below the white curve and the horizontal blue line is the
integral. The red rectangle A is clearly inside this area for any value of x, so Ay must be smaller than the
integral.

We can now compute the integral on the left hand side of this inequality. Note that f(¢) is a constant
since we are integrating with respect to x.

/ (f(2) — F(B)) dz > Ap(t)

/ f@ dt—/ £t de > Ao(t)
—tf(t) > Ao(t)

—t[ ( ) g(t)] > Ao(t)

—ttg' (t)] > Ao(t)

—t2g(t) > Ao(t)

This function is a strictly decreasing function with f(z) > 0 for all x > 0, so we can use the properties
we have proven in (i) and (ii). It looks like we will need to apply the inequality in (ii). To apply the
inequality, we first need to know Ag. In order to find Ay, we need to know the value of xy, so we must
solve the relationship we found in part (i), which was xof’'(z¢) + f(x0) = f(t). First, we should calculate
f'(z), which is
-1
!
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Then we can write

-1 1
€T =
" 4a0)2 14z 1+t
—2Xo 14z 1

(1+20)2  (14+x0)2 1+t
—x9+ 1429 1
(1+z0)2 1+t

11
(I4+20)2 1+t
(1+z)> =1+t

1+l‘0:\/1+t
To=V1+t—1

We only need the positive square root, since zp must be positive. Now, we can find Ag(t):

1 1
<1+\/1+t1_1+t>
<1l>
Vi+tt 1+t

1 1 1 1
= VIt — — 1+t - +
VI+t 1+t I+t 1+t

1 1 1
B e A e A
(1+t)—2y/T+t+1
1+t
C2+t—2VT+¢
N 1+t

Now, we just need to find the left hand side of the equation in part (ii), —t?¢’(). So we need ¢'(t).

70 =g [ [ 72 %]
= % :1[ln(1 + x)]f)}
= % 1 In(1 +t)]
=%~%+t+;—21-ln(1+t)
=2 (t) = In(14+t) — %th
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Now we can substitute everything we know into the equation we found at the end of part (ii).

t >2+t—2vTI?
1+t 1+t
t 24+t—2/1+¢
1+t 1+t
2492t —2v1+¢

1+t
1+t—1+t

1+t
1+t 1+t
1+t 1+t

2V t
InvV1i+t>1- 1—|—+t

In(1+1¢) —

In(1+t) >

In(141¢) >

1

In(1 —|—t)% >

12 Poisson Distributions

(i) If U ~ Po()), then we know

A$
_ _ A

The expectation of a non-negative discrete random variable is defined as

E(X)=) z-P(X =u)

Therefore, we can calculate the expectation of X as follows:

E(X)=) z-P(X =n1)
x=0

=1P(X=1)+2P(X=2)+3P(X =3)+4P (X =4) +
=1PU=1)+3P(U =3)+5P(U=5)+7PU=T7)+
AL A3 AP N7
b -2 AN -2 N —X
e g se N o Teh o
1A 3003 5aA5 T NT
n T T T T
AN AN
= ]

=le™ + -

gt toTtat
A0 A2t )6
_ -2
= de [0|+- TR }

= ale
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Similarly, we can compute the expectation of Y.

EY)=) y P =y

y=0
=1P(Y =1)4+2P(Y =2)+3P(Y =
=2P(U=2)+4P(U=4)+6P (U =
A2 Al A6
_ - —A.i N
= 2e -2!+4e 4!+6€ 6'+
N LD S R R D S PP &
o 21 4] + 6! 8!
oA At X8 A8
A ETR I TR T
>\1 A3 A5 NT
-2
_me—*

Note that X +Y = U, so we can check our answers by making sure that E (X)+E (Y)

that E (U) = A since it has the Poisson distribution.
EX)+E(Y)=

3)+4P (Y =4)+
6)+8P (U =8)+--
)\8
Y
8e §+~

=E(U). We know

(a4 B)Ae

€

e M
= )Xe AZ?
k=0

= e et
=\

as expected.

The formula for the variance of a random variable X is

Var (X) = E (X?)

~E(X)?

So we need to compute the expectation of X2. This involves a lot of manipulation of factorials. Whenever

there is a term on the numerator that we want to cancel with a

factorial on the denominator, you should

consider that we might need to split up that term so that it cancels nicely. An example of this is seen on

the seventh line of the derivation below. This is:

X?) :i:ﬁ-P(X:x)
=0

=1’P(X=1)+2’P(X =

2) +32P (X =3) +42P (X =4) +---

=1’P(U=1)+3*PU=3)+5>PU=5+TPU=7)+--
AL 23 A5 A\
_ 2—/\ 2—/\ 2—A 2—>\
N .)\1 32.)\3 2_)\5 72_)\7
—° [ TR 51 a }
_)\_A'l-)\o 302 5.0 7.)6
- e o T T e T
L JO+1)AY 24 1)- A (4+1) At (641)-A°
=Ae o T Tt T
_)\_A_O-)\O 2.2 4.0 6.)\6 DD GRS TP
- o T2 TTa e Ty o Ta ot
\ )\2 )\4 )\6 )\0 /\2 )\4 )\6
= Je {1!+?)!+5!+ "}+{()'+2’+4|+6'+ }:l
NN APt DD CENED T
= Je )\{+?)'+5'+ } {0'+ E‘Fa‘F }:|
= Xe A8 + af
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Hence
Var (X) = e M [A\G +a] — (oz)\e*)‘)2

B Ao+ A3 B A2a?
- e (e)‘)Q

At this point, you might guess that e® = ac+ 3. This turns out to be true, by considering the Taylor series
of e*.

PUED T S\ AL X3 N T
:< +'++'+"'>+( “ry‘Fg“rW‘F )
«

This then gives
Var (X) = -

We can make a similar derivation for Var (V).

Y3 =3 v P(Y=y)
y=0

=1°P(Y =1)+2?°P(Y =2)+3?P(Y =3) +4°P (Y
=22P(U=2)+4*P(U=4)+6>P (U =6)+8P (U
2?2 S A A8
_ 92— 2 -\ 2 -\ 2 -\
A[22-2%7 420 6200 8208
- [2' FTRE TR +}

af2oAt 4N 600 8T
= e + + + + -

1! 3! 5 7!
'1+1 Al 3+1)-23 541)-A° T+1)- A7
e N, @R, G4D:N (74D ++

1)\1 3-23 505 7.7 AL A3 A T
1 TR G (S TR TR R TR

N )\1 /\3 )\5 /\7 )\1 )\3 /\5 )\7
= de gt tata T o\ T Tt T
)\

= )\e_’\

= )\e_’\

0! 6! 357

A0 A2\t )6 AL N T
gtatamtet i Tty Tttt

_ —A
=Ae 6! 3T T

=X [)\a + 0]

Hence

Var (Y) = de ™ Aa+ g] — (5)\6_’\)2
NatA8 A
a+p (a+B)?

For the final part of the question, we need Var (X +Y’). But since X+Y = U, Var (X +Y) = Var (U) = A

23



So we need to solve

Since A is non-zero,

A = Var (X) + Var (Y)
- Ao+ A3 B A2a? ANa+ M3 B A23?

atB  (@tPE a+B  (@a+h)
a+ A3 Ao Aa+ 8 A2p2

"= 0t8 @rpr et (atpr?
1_a+>\ﬂ+/\a+ﬂ_/\a2+>\52
o a+f (a+pB)?
B a—i—,@ a2+62
L= N e ae
B a? + 32
“”A”W
B a2+B2
A_A(a+6)2
B 052+ﬂ2

(a+pB)2

(a+ﬁ)2=a2+52

042+2a5+52:012+ﬁ2

which cannot happen for A # 0. So there are no non-zero values of A for which Var (X) + Var (V)

Var (X +7).

13 Biased Coin

2a68 =0

2

(i) If A =1, then the longest alternating run had length 1, so the second coin flip must be the same result as
the first coin flip. So we either got two heads (with probability p?) or two tails (with probability ¢?). So
the total probability is just the sum, p? 4+ ¢%. If S = 1, then the longest straight run had length 1, so the
second flip must be a different result to the first flip, meaning we either got a head then a tail, or a tail

then a head. These events have probability pg and gp, giving a total of P (S = 1) = 2pg.

You might recognise p? + ¢ and 2pq as terms in the expansion of (p + ¢)? or (p — ¢)?; this is probably the
easiest way to do this part of the question if you see this relationship. In this question, it turns out that

we need to use (p — q)?. Note that (p — q)? is always positive, since it is a square number. Then

(p—q)?>0
p?—2pg+¢> >0
P’ +q* > 2pg
PA=1)>P(S=1)

as required. If we had used the inequality (p + ¢)? > 0 instead, we wouldn’t have been able to make this
deduction. The (p — q)? expression worked because there were some negative terms that we could move

to the other side of the inequality.

(ii) For convenience, we will abbreviate the results of coin tosses with the initials H (heads) and T (tails), so a
run of two heads then a tail will be written HHT. If S = 2, we must have tossed HHT or TTH. The total

probability is

P (A

P (S =2) =P (HHT) + P (TTH) = p°q + ¢°p = pa(p + q)
If A =2, then we either tossed HTT or THH.

2) =P (HTT) + P (THH) = pg* + qp” = pq(p+ q) =P (S

24

2)



as required. For S = 3, we have
P (S =3) = P(HHHT) + P (TTTH) = p°¢ + ¢°p = p(®® + ¢°)
For A = 3, we have

P (A =3) =P (HTHH) + P (THTT) = p¢ + ¢*p = pg(p® + ¢*) = P (S = 3)

(iii) We need to compute P (S = 2n) and P (A = 2n). If S = 2n, then we rolled heads 2n times and then tails,
or we rolled tails 2n times and then heads.

P (S — QTL) — P (HQnT) + P (T2nH) _ anq + q2np :pq(anfl + q2n71)

If A = 2n, then we rolled heads and tails n times each, followed by either heads or tails (depending on
which way the first coin landed).

P(A=2n)=PH"T"H)+ P H"T"T) =p"¢"p+p"¢"¢=p"¢"(p +q)
To work out which is larger, we can subtract one from the other and consider the sign of the result.
P (S =2n)—P(A=2n)=pg(p*" '+ ") —p"¢"(p +q)
=pq (p2n—1 + q2n—1 _pn—lqn—l(p+ q))
=pq (p2n71 _pnqnfl + q2n71 _pnflqn)
=pg(p" " =" (" — ")
B

If p>gq,then a >0and 8> 0. If p < ¢, then @ < 0 and 5 < 0. Either way, P (S =2n) — P (A =2n) is
positive, as required. Now, if S =2n + 1:

P (S =2n+1) =P (H™'T) + P (T*H) = p* g+ ¢ *'p = pg(p*" + ¢*")
If A =2n+1, then we rolled n + 1 heads, n tails, and a final head; or n + 1 tails, n heads, and a final tail.
P(A=2n+1)=P (H'T"H?) + P (H"T"T?) = p"¢"p* + p"¢"¢* = p"¢" (0" + ¢*)
Again, we will compute P (S =2n+1) —P (A =2n+1).

P(S=2n+1)-P(A=2n+1)=pq(p> + ¢*") — p"¢" (p* + ¢*)

=pq (pZn 4 q2n _pn—lqn—l(pQ + q2)>
=pq (pZn o anrlqnfl + q2n 7pn71qn+1)
= pq (pn—l _ qn—l) (pn+1 _ qn+1)

o B

Ifp>q,thena > 0and 8 > 0. If p < g, then @« < 0 and 8 < 0. Either way, P (S =2n+1)-P(A=2n+1)
is positive. Hence P (S =2n+1) >P(A=2n+1).
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